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A few words about myself
Gaia Grosso, |AIFI fellow (MIT, Harvard)

o0 Background education: Particle Physics

O Research interest:

o Signal-agnostic discovery in collider
experiments with ML

O Tools for statistical detection with ML
o0 Role of inductive bias and ML design
o Data-driven scientific discovery at scale
o Validation and Monitoring of ML models
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Outline of the lecture

Two-sample test for scientific applications

1. DEFINITION
2. RELEVANCE
3. CHALLENGES

4. METHODS: from classical to ML, caveats, good practice
5. USE CASE: Scientific Discovery



1. DEFINITIONS

Problem statement

© A collection of Ny independent

observations: X = {x; € |

d N

© A collection of Ny independent

observations: Y = {y, € |

d N
» Vi ™ PY}izYl

Do X and Y come form the same
generative process?
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1. DEFINITIONS 5

Two-Sample Test: Known X vs. Observed Y

Problem statement

- Distribution X
o SampleY

© If either Py or Py is known in close ”
form — goodness of fit test 2

-4 -3 -2 -1 0 1 2 3 40.0 0.2
X1 density



1. DEFINITIONS 6

Two-Sample Test: Do X and Y differ?

Problem statement

o Sample X o
o SampleY

© If either Py or Py is known in close
form — goodness of fit test

© If both Py and Py are unknown )
— two-sample test =

Real life | .

-3 -2 -1 0 1 2 3 0.0 0.2
dim 1 density



1. DEFINITIONS

Two-sample test

¢ - (L NXxd’L Nde) —
(X, Y) = 1(X, Y)

f 1s a similarity metric
between X and Y



1. DEFINITIONS

Two-sample test

¢ - (RNXXCZ,L Nde) S R
(X, Y) = 1(X, Y)

Which sample Y is more compatible with X?

tump(X, Y) =0.0013 tmmp(X, Y) =0.0717 tump(X, Y) =0.3319
f 1S a similarity metric “ i
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1. DEFINITIONS

Two-sample test

¢ - (L NXxd’L Nde) —
(X, Y) = 1(X, Y)

[ Is a similarity metric p(t)
between X and Y

Distribution under
HO

To asses significance we ((X,Y) observed value

compute the p-value
(aka calibrate)



2. RELEVANCE

Learning begins when expectations falil

Scientific method

OBSERVATION

10



2. RELEVANCE

Learning begins when expectations falil

Scientific method

There Is something in the
OBSERVATION observed data that my current
/ model of the world ()
cannot explain

(Two-sample test)

11



2. RELEVANCE

Learning begins when expectations falil
Monitoring

There is something in the
observed data that my current

OBSERVATION understanding of the
/ experimental apparatus (PX)
cannot explain

Scientific method

12



2. RELEVANCE

Scientific method

OBSERVATION /

Learning begins when expectations falil

Monitoring

3

Experimental
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2. RELEVANCE

Learning begins when expectations falil

Validation

Scientific method

There Is something in the

OBSERVATION / observed data that my data
simulation (Py) cannot explain

14



2. RELEVANCE

Learning begins when expectations falil

Validation

Scientific method

&

A
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Real world
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2. RELEVANCE

Scientific method

OBSERVATION /

Learning begins when expectations falil

Discovery

There Is something in the
observed data that my current
scientific understanding of

Nature (Py) cannot explain

16



2. RELEVANCE

Learning begins when expectations falil

Scientific method

OBSERVATION /

7l CMS Expermment at LHC, CERN
f/ Oata recorded: Sun Nov 14 19:31:39 201 CEST
2| RunEvent: 151076 / 1328520

Lumi soction: 249

Theoretical
model

Experiment

17



3. CHALLENGES

18

What makes two-sample test hard

Intrinsic challenges:

o Signal specification: lack of a priori knowledge
about the “signal” and its properties

o Signal frequency: how rare is the signal

o Signal separability: How discriminant is the
given data representation

!Z

Signal fraction
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3. CHALLENGES

What makes two-sample test hard

Intrinsic challenges:

o Signal specification: lack of a priori knowledge
about the “signal” and its properties

o Signal frequency: how rare is the signal

o Signal separability: How discriminant is the
given data representation

Technical/engineering challenges:
O handle large samples is
computationally hard

O what is the data
structure, what is its dimensionality

!Z

Signal fraction

19



4. METHODS

An evolving field

Time

Harder scientific problems
More complex and larger datasets
More advanced and efficient computational tools

From 1D to nD tests

O O O O O

From classical to ML based

20



4. METHODS

1D methods (a glance)

ECDF based tests

o Kolmogorov-Smirnov
o Cramer-von-Mises

o Anderson-Darling

O

Likelihood-ratio based tests
O Saturated test

© y* (bin dependent)

O

Spacing statistics

o Moran

O

Energy based

O Wassersteln distance
o ...

CDF
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4. METHODS

1D methods (a glance)

ECDF based tests

o Kolmogorov-Smirnov

o Cramer-von-Mises

o Anderson-Darling

O

Likelihood-ratio based tests
o Saturated test

© )(2 (bin dependent)
O

Spacing statistics
© Moran

o ...

Energy based

O Wassersteln distance
o ...

Don’t scale to
nigh dimensions!

CDF

1.0 |

0.8 |

0.6 |

04 |

0.2 |

0.0 |
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4. METHODS

nD methods

Sliced tests

density

o Perform n random 1D projections of the data °°
o Compute a 1D test over each projection

O Average over the projections >
Examples: 1-
o Sliced Wasserstein distance E o
o Sliced Kolmogorov-Smirnov -

very fast method
Caveat: Correlations: whether a sliced test detects them

depends entirely on whether the right 1D projections are -4-

sampled!

0.2 A1

0.1 A1

23
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4. METHODS

nD methods

Maximum Mean Discrepancy (MMD)

Maximum Mean Discrepancy (MMD) is a kernel-based metric used to measure the
distance between two probability distributions P and Q over a space X .
It works by:

1. Mapping the distributions into a reproducing kernel Hilbert space (#):
Q. X - H
2. Calculating their means in that space:
/’tPX — _xNPX[ ¢()C)], //tPY — _yNPY[ ¢(y)]
3. Taking their difference between means:
MMD?*(Py, Py; ) = || Mp, — Up,

2
H

24


https://www.jmlr.org/papers/volume13/gretton12a/gretton12a.pdf

4. METHODS

nD methods

Maximum Mean Discrepancy (MMD)

25

Using the kernel trick with kernel function k(x, x") = (¢(x), ¢(x’)), the squared MMD

can be written as

MMD?*(Py, Py) =

Given finite samples {x;}_,

_x,x’NPX[ k(x7 x,) ] +

_y,y’NPY[ k(y, y,) ] -2

_XNPX, yNPY[ k('x9 y) ]

~ Py, an unbiased estimator is

| |
MMD? = n(n——l)zk( X)+m2k()’py])——2 Zk(

I7]

I7]

=1 j=1



4. METHODS 26

nD methods

Maximum Mean Discrepancy (MMD)

Strengths: If the kernel is characteristic, the mean embedding captures all moments and all
Interactions of the distribution.

Characteristic kernel:_positive definite kernel for which the function P — up, = [, 5| ¢(x)] is injective
(examples: Gaussian kernels, Laplacian kernels).

/\

Caveat: when working with finite size samples, MMD? provides an approximation with a variance that
increases with dimensionality. Small distributional discrepancies may be drowned in noise.

MMD is widely used across scientific domains. It works well with few dimensions.

There is a vast literature on how to improve the estimator or make it more efficient. A few selected
works:

use multiple scale assumption to mitigate model selection bias
use neural networks to parametrize the kernel
use Nystrom approximation for applications at scale (e.g. large sample size)


https://www.jmlr.org/papers/v24/21-1289.html
https://proceedings.mlr.press/v119/liu20m/liu20m.pdf
https://arxiv.org/abs/2502.13570
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nD methods
Classifier 2-sample test (C2ST)

Binary classifier

|

Jo(x) 1vD

© Train a classifier to tell apart two samples, X and Y.
[Binary Cross Entropy or similar]




4. METHODS 28

nD methods
Classifier 2-sample test (C2ST)

Binary classifier

© Train a classifier to tell apart two samples, X and Y.
[Binary Cross Entropy or similar]

© 1D GoF/two-sample test on f (x): l
e Classical tests!]: KS, AD,)(Z, etc. Jo(X) 1D
. Classification metrics!?: ACC, AUC, MCE


https://inspirehep.net/files/345e70f422e5306b7540c80ed1dbcff3
https://arxiv.org/pdf/2102.07679.pdf
https://openreview.net/forum?id=SJkXfE5xx

r L I
|- Jd L |
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4. METHODS 29

nD methods
Classifier 2-sample test (C2ST)

Binary classifier

© Train a classifier to tell apart two samples, X and Y.
[Binary Cross Entropy or similar]

O Likelihood-ratio-test!!: | ,
£ =1lo n(x|H,) 1o n(x| True) Jw(®) 1D
W T G Y | T8 | e Hy)

|

(D) =2 Z (n(x |Hy) — n(x|H,,) + log n| Hy) )

- n(x| Hy)



https://inspirehep.net/files/345e70f422e5306b7540c80ed1dbcff3
https://arxiv.org/pdf/2102.07679.pdf
https://openreview.net/forum?id=SJkXfE5xx
https://doi.org/10.1103/PhysRevD.99.015014
https://doi.org/10.1140/epjc/s10052-021-08853-y

4. METHODS

CAVEATS

30



4. METHODS

CAVEAT: calibration

O The single value of a test statistic is not
sufficient to assess the test significance

40

30

20

Density

10

31

Example: Accuracy test

Expected
runder H,

Observed value
of the test

0.46

0.48

0.50 0.52 0.54
t
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CAVEAT: calibration

Example: Accuracy test

40 k- _ Null (H,))
Asymptotic
O The single value of a test statistic is not .
sufficient to assess the test significance _
= : Observed value
g 20 F of the test
- . a
© p-value: probability of obtaining an
10
outcome of t under the null as extreme : p-value
or more than the observed one L g /

0.46 0.48 0.50 0.52 0.54



4. METHODS

CAVEAT: calibration

How to build the test distribution under the null:

O Asymptotic formula: analytic statistical
model of the distribution is known from
theory (note: if exists it’s valid only in the limit

of infinite statistics — it must be validated)

O Bootstrap: for n times: (1) sample from the
existing datasets a subset of events; (2)
retrain and evaluate.

O for n times: (1) random shuffle
of the labels to build two dataset with the
same generative model; (2) retrain/recompute
and evaluate.

33

Example: Accuracy test

Null
Asymptotic

0.46 0.48 0.50 0.52 0.54
t

See for comparison between
methods in the context of classifier-based test


https://arxiv.org/pdf/2102.07679.pdf
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CAVEAT: no free lunch

There Is no universally optimal statistical test; sensitivity depends on the
assumptions and targeted signal.

Test design matters: Space of hypotheses
o Choice of test statistic (binning, N\
nearest neighbors, mass window, H,
ML score, ...) focuses power on ‘O True
specific families of deviations. ;
o A test used blindly may fail in ways ~_t"

we don’t notice. Good practice is to
identify what the test is sensitive
to and what it will inevitably miss.
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4. METHODS

CAVEAT: no free lunch

35

There Is no universally optimal statistical test; sensitivity depends on the
assumptions and targeted signal.

Test design matters:

o Choice of test statistic (binning,
nearest neighbors, mass window,
ML score, ...) focuses power on
specific families of deviations.

O A test used blindly may fail in ways
we don’t notice. Good practice is to
identify what the test is sensitive
to and what it will inevitably miss.

1D example:)(2 test!!

104
].03r ™ E
102} : 1
5 101 | .
- 10% ... R ‘ - ...~ R 1
-1 ‘ss ' ~s~
W04 6 810 0 2 4 6 8 10
m T o
Hl H2 1 X, Nbins =400
)] — X%, Njins = 200
/208 | :‘ ‘ | 1 | Xzﬁ Nhins = 4()
AN 0.6 A \e < + XzsNhius:QO
0.0 ° (Classifier-based
i likelihood-ratio test)



https://arxiv.org/pdf/2305.14137

2]
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CAVEAT: no free lunch

There Is no universally optimal statistical test; sensitivity depends on the
assumptions and targeted signal.

Test design matters: 5D example: Classifier based test!?

1.0 N(S)/N(B)=8.210"* _ N(S)/N(B)=2.110" _ N(S)/N(B)=2.7 10~

o Choice of test statistic (binning,
nearest neighbors, mass window,
ML score, ...) focuses power on
specific families of deviations.

O A test used blindly may falil in ways

Resonant

we don’t notice. Good practice is to
identify what the test is sensitive
to and what it will inevitably miss.

non-resonant


https://doi.org/10.1140/epjc/s10052-025-14759-w
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CAVEAT: no free lunch

Example: Ranking generative models in Computer Vision

Rethinking FID: Towards a Better Evaluation Metric for Image Generation

Sadeep Jayasumana Srikumar Ramalingam Andreas Veit Daniel Glasner
Ayan Chakrabarti Sanjiv Kumar

Google Research, New York

FID (Frechet Inception Distance) has * CMMD ® FID & FID=
opposite trend than expected! “ I
FID measures location discrepancy, it is not g /.,
a good proxy of the overall images quality ' N i
dist7 (P, Q) = HI"'P—“Q||g+Tr(2P+2Q_2(2PZQ)%12\- é Ce—— <
https://arxiv.org/pdf/2401.09603 "2 a4 s s 1 s

Refning Iteration

Figure 3. The quality of the generated image monotonically improves as we progress through Muse's refinement iterations.
correctly identifies the improvements. FID, however, incorrectly indicates a qualiry degradation (see Figure 4). Prompt: “The Parthenon”.

1.%00
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0.800

0.700

0.600
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https://arxiv.org/pdf/2401.09603
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CAVEAT: no free lunch

There Is no universally optimal statistical test; sensitivity depends on the
assumptions and targeted signal.

Trade-offs: Space of hypotheses

O Narrowly targeted tests — high sensitivity to specific
signals, low robustness to unexpected deviations.

o Broad/unspecific tests = more robust to unknown [ (Zn,
signals, but diluted sensitivity to particular signatures

In ML: ~_

o Model selection: hyper-parameters/architecture
choice poses hard inductive bias.

O Reqularization is a powerful tool to impose soft
iInductive bias on the learning dynamics
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39
CAVEAT: no free lunch

How multiple testing help mitigate this issue

eoo RECO
%ﬁ"?ﬂi [ REFERENCE ]
1{ 4
10 *fnﬁ
e
’lo

events

Kernel-based model

. n(x| D)
fu(z) = ;wika(x,xi) ~log

. 12 2
ko(z,2') =e |z—z"||* /20

v

Multiple testing over
model hyper-parameters

L =30



https://doi.org/10.1140/epjc/s10052-024-13722-5

4. METHODS

CAVEAT: no free lunch

How multiple testing help mitigate this issue

1 DATA

eoo RECO
i b,_%‘% -1 REFERENCE ]
101} ffnf
g 1007 4 olo L b ®
>
(<b]

> p-aggregation
10-2} .0.‘“."‘ | KEI‘HEI Neyman
) }H | [ width Pearson

test

Pin(D, R) = minp (D, R)

- AGGR RECO/REF

p-value

Power curve
o0 =0.1

1.0 N(S)=1,O' TNP |:64, O'NP 2016.
- t(D,R) - p,(D,R)

— 1 (D, R)

— pAD, R)

— 1,(D, R)

— p(D, R)

ratio

: a8 % | c=30 - ZO(J[)"fe) '_€>JZZG(J[)9‘ZQ)

40


https://doi.org/10.1140/epjc/s10052-024-13722-5
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CAVEAT: no free lunch

How multiple testing help mitigate this issue

Trial factor:

Looking at the data under different lenses increases the
chance of discovery, but also the chance of false positives!

Challenge: define the smallest number of tests that,
together, cover the space of hypotheses

Note: As any other test, multiple tests should be
calibrated! Calibration accounts for the trials factor



Scientific Discovery at scale
with two-sample test
[a glance to my research]




5. DISCOVERY AT SCALE
Curse of dimensionality

« Raw experimental data are

Hanford, Washington (H1) Livingston, Louisiana (L1)

T T T T T T T T

and often 3 | sl
- : : g O ~AW -
 Statistical analysis are only possible ~ 3 E ==
after a data compression step whic
reduces complexity by projecting data e
N a : c
2
* One has to make about 5 &
which information is to the ‘5:’ =
downstream task (domain knowledge, g
current understanding of the field). &
QL
O
= S
s &
n L
=

Normalized amplitude

o N h~ O



5. DISCOVERY AT SCALE
Learning representations

My research focus:

Learn a better data representation
beforehand (hope for sufficient
statistics

Raw
Readout

Data

Stat.
Inference Compression

Hanford, Washington (H1)

Livingston, Louisiana (L1)

[— H1 observed
T

— L1 observed
] H1 observed (shifted, inverted)
T T

—— Numerical relativity |
Reconstructed (wavelet)

Reconstructed (template)
t

— Numerical relativity !
Reconstructed (wavelet)
Reconstructed (template)
t t

| [— Residual
T

|| [T— Fesicual i |

T T T

i~
T
)
c
[
=}
o
o
i
Pb-Pb /sy = 2.76 TeV
ALICE run: 137171, 2010-11-09 00:12:13 030 035 040 045 030 035 040 045

Time (s)

hat is a good

Time (s)

assumption in absence

of a signal models?

o N h~ O

Normalized amplitude
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Learn representations for signal discovery
Contrastlve Learnlng Self-supervised

AN
Ny H N
Bl P I
Inen® » 1 —
xj QS() . )
G Laten 1
enerate two : s : :
Constraint th tion of th th
unlabelled data points distorted views of the e;rgseé?;g S;azlgamza 10N 0T ThE VIEWS 1N The

same example
e Views of the same object are pushed together

e Views of different objects are pulled apart

Exploit data augmentations to induce meaningful SimCLR loss [2002.05709]:
forms of implicit bias in the data organization esim (¢ (i), 60 (25)) /7

: . - : IsimCLR (T4, Tj) = — log N osim(¢g(zi),00(zk))/T
Loose way to impose invariance to transformations 2 k=16 )

Cosine similarity:
sim(u, v) = u' v/|ull[|v]


https://arxiv.org/pdf/2002.05709
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Learn representations for signal discovery
Contrastive Learning: Self-supervised

N

N
8 N
T
g \
‘
- Embedder
®
G Laten 1
enerate two : . : :
Constraint th ! " th
unlabelled data points distorted views of the e;rkicl:i?ilirrllg SIeDa(zzI;%anlza ion of the views in the

same example
e Views of the same object are pushed together

e Views of different objects are pulled apart

Exploit data augmentations to induce meaningful SimCLR loss [2002.05709]:
forms of implicit bias in the data organization esim (¢ (i), 60 (25)) /7

: . - : IsimCLR (T4, Tj) = — log N osim(¢g(zi),00(zk))/T
Loose way to impose invariance to transformations 2 k=16 )

Cosine similarity:
sim(u, v) = u' v/|ull[|v]


https://arxiv.org/pdf/2002.05709
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Learn representations for signal discovery
Contrstiv

earning: Supervised

—

D)y e %/

A Laten 1
. Generate two views Constraint the organization of the views in the
labelled data points . .
of the same class embedding space:
e Views of the same object are pushed together
e Views of different objects are pulled apart
Exploit data augmentations to induce meaningful SimCLR loss [2002.05709]: o
forms of implicit bias in the data organization esim(®o(:).9e(2))/7

: . - : IsimCLR (T4, Tj) = — log N osim(¢g(zi),00(zk))/T
Loose way to impose invariance to transformations 2 k=16 )

Cosine similarity:
sim(u, v) = u' v/|ull[|v]


https://arxiv.org/pdf/2002.05709

5. DISCOVERY AT SCALE 48

Learn representations for signal discovery
Contrastive Learning: Supervised | | | |
A physics motivated Supervised CL, using

Original representation reduction (not optimized labelled simulations of
on the signal) background processes

L
- T e[
> T T l T . L L4 I YO Yy Y YTV ] A L) L L4 l T L) L) L) ] : . . > L L La LS I L) A Ll Ll ‘l Ll Ld Ld L r La Ls Ll T l Al Bl Bs g T . L4 v La I' LE T T T h
:"_f 57D source B 6D leading object pr "_f I 4D supervised Transformer
Qo Bkg. only © 0.10 Bkg. only 1 Qo008+ Bkg. only
2 =205, 0,=19 1 9 t=47, 6;=10 P ~ n t=24,0,=7
O 0.025 I [ | Black Box o Black Box O Black Box
Q- P — X304 ) a — X6 o I 1 ]
| ] 0.05 .
] o008 ] R - -
Source 57D - 6D leading pT | | 4D sup-CL:
s ] 0.04 |+ o
Black box | o ~
0.015 - I .
't t. [ 0.03/+ | i
detection | I oou| .
0.010 i asymptotic: — asymptotic: i . 0.02 '_* asymp@olic o B
P(Z>1)=0.10:247 P(Z>1)=0.10:322 ] ol [’ L P(Z>1)=0.80255
P(Z5>2)=0.00:292 P(Z>2)=0.00:3% i P(Z>2)=0.80:3%5
i P(Z>3)=0.00:392 P(Z>3)=0.00:3% I : P(Z>3)=0.80+9%
i 0.02 |- - ' !
0.005 [ empirical: empirical: 1 0.01 - ° o o efﬁpiriqalz -
P(Z>1)=0.10:3% P(Z>1)=0.1025 84 [ P|:Z>‘.)—0-80L2:::‘§
P(Z>2)=0.00:09 P(Z>2)=0.00:5 1 I P(2>2)=0.802
P(Z>3)=0.00:39% . P(Z>3)=0.00:0% l P(Z>3)=0.80.5% .
0000 4 A A . i i L & | A Ande A | — A F—1 1 000 L (S e L L L 3 0.00 u PUEE PP S | ittt
150 200 250 300 350 400 20 40 60 80 100 120 140 160 0 50 100 150 200 250 300 3t50
t t

LRT LRT LRT

Experiments performed using ADC2021 dataset [2107.02157]:
19 particle physics objects, 3 components (p7, 17, @)

From


https://journals.aps.org/prd/pdf/10.1103/5n77-ynsp
https://arxiv.org/abs/2107.02157
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Learn representations for signal discovery
Contrastive Learning: Supervised

LIGO gravitational 4D organized latent
waves (time series) representation

LHC jets 4D organized latent
(point cloud) representation

I QCD B W-qq
0 Top Z-qq
mm H-bb

I SineGaussian Kink
£ BBH KinkKink
i Background
Glitches
I White Bursts

From:


https://arxiv.org/pdf/2510.21935

Conclusions
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Open problems

ROBUSTNESS:
o |s the anomaly a real novelty or the product of domain shifts?
o Can we distinguish among anomalies and how??

INTERPRETABILITY & EXPLAINABILITY:

O A generative model ranks better than another: do we understand why? Can we
point at the failure source?

O | detection was made with 3sigma significance, can we tell which new
phenomenon is behind that?

EFFICIENCY AT SCALE:
© How do we |look at billions of data?
© How can we test fast? Online applications
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Take home message

Choose your method according to your problem settings!

Exploit available knowledge
ldentify priors on the problems
|dentify assumptions behind the methods

ldentify limitations/failure modes of the strategy (when you should stop
trusting the result)

o Efficiency matters! Pick the methods that better fits the scale of your problem
(not necessarily the fanciest one :) )

O O O O
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More readings
Good overviews/comparison between methods:

William

JINST 5 (2070), PO9004
- Weisser and Williams pre-print:1612.0/186

- Grosso, Letizia, Pierini, Wulzer. SciPost Phys. 16
(2024) 5, 123

Grossi, Letizia, Torre Mach.Learn.Sci.Tech. 6 (2025) 1, 015052


https://inspirehep.net/literature/858323
https://inspirehep.net/literature/1505426
https://inspirehep.net/literature/2661962
https://inspirehep.net/literature/2833080

Backup slides



Maximum Likelihood Ratio test

The quantity used to perform maximume-likelihood estimation
(MLE) for the free parameters w of a given model H,,, can be

used as a goodness-of-fit test: m E,
04 ’ b O
* Ly
0.3 ""
P A
G 0.2
-
rob
The test is a good test if the model H,, is a flexible but T " i
regularized composite hypothesis 0o o -
e Binned version: H,, =“saturated model”!!! '4 2 0 ? ¥
EH,) =0,Vi=1,..,n '
n O. E; = 1-th bin expected frequency
H(D) =)(Szat =2 Z E;— O; + 0O;log — under Hy
Ei O; = i-th bin observed frequency

=1
O; ~ Poisson(E))

lBaker & Cousins,


https://doi.org/10.1016/0167-5087(84)90016-4

¥ test

Gaussian limit of the binned likelihood-ratio test
© The most known y? tests:

& (0, — E)°
e Pearson ){2: )(I%earson — Z E.

i=1 !
m (0 . E)2
2. 2 . l l
« Neyman y~: XNeyman — Z 0.
i=1 !

Caveats:

o Both Pearson and Neyman tests are biased for small
frequencies!

o The binned nature of the test limits applicability to few
dimensions

o Number of bins and binning choice determine the outcome

04

0.3 F

0.2

Density

0.1 F

0.0

E; = 1-th bin expected frequency
under H,,

O; = i-th bin observed frequency
O; ~ Poisson(E))



Empirical Distribution Function Tests
(EDF statistics)

Based on the comparison of the expected Cumulative Distribution Function (CDF) with the empirical
one (EDF) estimated from the data sample of size n.

© In general more powerful than a )(2 test ol F (x) (EDF)

N n

o0 Caveat: It can only be applied to continuous distributions F(x) (CDF)
0.8

0.6 |

CDF

04 |

0.2 |

0.0 | -




Empirical Distribution Function Tests
(EDF statistics)

Tests in this family differ for the metric chosen to measure the distance.

Some of the most known tests:

o Kolmogorov-Smirnov (1933): KS (D) = sup | F(x) — F,(x) |
xeD

+00
o Cramer-von-Mises (1928-1930): CvM = nJ (F (x) — Fn(x))zdF (x)

| roo (F(x) — F,(0))"
o Anderson-Darling (1952): AD = n dF(x)

o FOO(1 = F()) More weight to the tails

F(x) = CDF
F (x) = EDF




Classifier based tests

Calibration

O Train-test split:
O Train the classifier using one part of the data
o Perform a test on the classifier output using the other part of the data.

© This guarantees that the distribution of the test statistics under H, is what expected.

o However, throwing away part of the data for training reduces the power of the test.
This can be mitigated by performing cross-validation.????

O Train and test all:
o Train the classifier and compute a test on all the data

© Build a distribution of the test under H, by retraining multiple times the classifier using
anomaly-free data D ~ H [random permutation / pseudo-experiments].



Metrics for comparison

P-value

For applications that aim at discovery, a typical way to
evaluate an anomaly detection method is the p-value

or the corresponding Z-score:
Z-score (standardized parametrization of the p-value):

Z,=® (1 -p)

Typical values in fundamental physics:
/Z = 30 — p-value ~ 1.35 - 10~ (evidence)
7Z = 506 — p-value ~ 2.9 - 10~/ (discovery)

In other domains (biology, computer-science, ...):
Z = 1.60 < p-value ~ 0.05
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Metrics for comparison

Power

When one wants to evaluate the performance against
a specific alternative hypothesis, the power provides

an informative metric.

Let’s introduce two basic notions:
* Type | error (false positive rate)

o = Jmp(t\HO)dt

q
* Type Il error (false negative rate)

p=1-| pat)a

q
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Density

0.04

0.02

0.00

p(t| Hy) (null)
— p(t|H,) (alternative)

Asymptotic
3
rhla
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https://root.cern.ch/doc/master/classTEfficiency.html
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Metrics for comparison

Power

When one wants to evaluate the performance against
a specific alternative hypothesis, the power provides
an informative metric.

e Power: 1 —f = J p(t|H,)dt
q

* Note: to estimate the error on the power: use

methods designhed for efficiencies!!] (example
Clopper-Pearson)
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Density

0.04
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0.00

p(t| Hy) (null)
— p(t|H,) (alternative)

Asymptotic

Test power for the
alternative
(True positive rate)



https://root.cern.ch/doc/master/classTEfficiency.html

Metrics for comparison
Power Curve

When one wants to evaluate the performance against a
specific alternative hypothesis, the power provides an
informative metric.

« Power: 1 —f = J p(t|H,)dt
q

 Note: to estimate the error on the power: use methods
designed for efficiencies! (example Clopper-Pearson)

« We can scan g and map values of [ vs. a into a sensitivity

curve.
* To facilitate the interpretation, it is useful to map:

c a— £,
e > 1—L (e.g. power)

Power curve

Better
performance




5. DISCOVERY AT SCALE

Cell Reports

Methods

A cross entropy test allows quantitative statistical
comparison of t-SNE and UMAP representations

Graphical abstract

True biological differences
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Biological/technical replicates

N 323
i

Cross Entropy Test

Correctly identifies
samples with different
biological origin, even
when subtle to the eye

Correctly assigns no
significant difference to
biological and technical
replicates

Correctly assigns no
significant difference to
run-based rotational
symmetry that can fool
the human eye
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In brief

Dimensionality-reduction tools such as t-
SNE and UMAP allow visualizations of
single-cell datasets. Roca et al. develop
and validate the cross entropy test for
robust comparison of dimensionality-
reduced datasets in flow cytometry, mass
cytometry, and single-cell sequencing.
The test allows statistical significance
assessment and quantification of
differences.
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